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Abstract

The long-term stability of an underground deep cavity involves a lot of complex time-dependent mechanical processes. This
paper presents an analytical approach for the post-closure behaviour of a deep cavity inside a dilatant viscoplastic rock mass
considering three stages: (1) excavation, (2) free convergence and (3) backfill contact and post-closure. The viscoplasticity is
modelled by means of a linear Norton-Hoff’s law, and the dilation is incorporated by assuming that the volumetric plastic strain
rate is a simple function of the equivalent deviatoric plastic strain. The analytical model proposed in this paper completes a
previous work of the authors by adding the consideration of the dilatant behaviour of the rock mass. After presenting the
analytical developments, a few numerical examples are presented to illustrate the applicability of the model. In particular, a
parametric study shows the influence of key parameters such as dilation parameter, backfill stiffness, viscosity and delay of
contact between the rock mass and the internal backfill. This analytical model provides a useful benchmark for complex
numerical simulations as well as a useful tool for quick preliminary studies.

Keywords: Viscoplasticity; Dilation; Deep cavity; Laplace transform; Quasi-analytical solution; Post-closure

1. Introduction

Deep cavity closure is an important issue in the geotechnics of underground works, such as mining industry (Afrouz,
1990), oil and gas extraction (Bérest et al., 2001; Cosenza and Ghoreychi, 1999), and radioactive waste disposal design (Cornet
and Dabrowski, 2018; Hudson et al., 2001). Numerous works have already studied this important issue, but most of them
require sophisticated modelling and advanced numerical tools (Chijimatsu et al., 2005; Liedtke and Bleich, 1985; Pardoen et
al., 2015; Rutqvist et al., 2009) to take into account the exact geometry, detailed stages of construction as well as the
complexity of the material behaviours. However, these numerical results are generally difficult to interpret and also need some
simplified analytical solutions to check their validity.

Thus, some analytical models have also been performed to provide solutions based on idealised conditions, defined by a
1
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set of simplifying assumptions (geometry, stress field, material behaviour, etc.). In our previous papers (Dufour et al., 2009;
Wong et al., 2008a, 2008b), we focused on a quasi-analytical approach of the post-closure behaviour of a cylindrical or
spherical cavity drilled into a poro-elastic or poro-viscoelastic medium and submitted to a very simplified scenario (sudden
application of the lithostatic stresses on the backfill after lining failure). A solution accounting for a more realistic (but still
simplified) life cycle of the tunnel has been developed by Dufour et al. (2012) in the particular case of poro-elasticity. On the
other hand, Cornet et al. (2017, 2018) used bhoth analytical and numerical modelling to study the nonlinear viscoelastic closure
of salt cavities subjected to a combined pressure and shear stress load in the far field. Inelastic strains of deep rocks under
loading, which have been experimentally observed (Chiarelli et al., 2003; Gatelier et al., 2002; Zhou et al., 2011), have been
taken into account by considering an elastoplastic behaviour of the rock mass (Carranza-Torres and Zhao, 2009; El Jirari et al.,
2020; Li et al., 2021). However, it is worth noting that many rocks, in the long-term, exhibit time-dependent irreversible strains
once the applied stress deviator goes beyond a certain threshold, which has been demonstrated experimentally by several authors
for different types of rocks (Boidy et al., 2002; Changa and Zoback, 2009; Gasc-Barbier et al., 2004; Jin and Cristescu, 1998;
Lockner, 1993; Tang et al., 2020). In many cases, the long-term creep response due to material viscosity is described using
viscoplastic theory (Zhou et al., 2008), which is used by many authors to simulate the time-dependent responses of underground
structures (Giraud and Rousset, 1996; Kazmierczak et al., 2007; Malan, 2002; Pardoen and Collin, 2017). Nonetheless, these
non-linear modellings generally require sophisticated computational tools to obtain solutions and do not easily lend themselves
to analytical approaches. Analytical models, however, are very useful to obtain quick order-of-magnitude estimates, as well as a
better understanding of the intervening physical phenomena (thanks to the explicit equations) or to check the validity of more
sophisticated numerical models based on idealised limiting cases. Nguyen-minh and Pouya (1992) provided an approximate
closed-form solution in the case of an unlined tunnel by assuming that the surrounding rock mass obeys an elastically
incompressible Norton-Hoff’s creep law. Cosenza and Ghoreychi (1999) analytically dealt with the long-term behaviour of a
spherical cavity inside a saturated poro-viscoplastic rock mass in the limiting case of the stationary state, neglecting transitional
stages. Bui et al. (2014) then proposed an analytical approach for the poro-viscoplastic behaviour of a deep tunnel in different
stages of a simplified life cycle.

It appears that the viscoplastic volumetric strain has not been considered in these works. Indeed, it can be noticed that very
few analytical models take into account the effect of dilatancy of the rock mass in the post-closure behaviour of the
underground structure, although it has been experimentally evidenced (Ribacchi, 2000; Yoshinaka et al., 1998). The
irreversible volumetric strains impact essentially on the stress and displacement fields, as well as on the extent of the
excavation-damaged zone (EDZ) in which important irreversible strains or damage occur. In such situations, creep and

dilatancy of the rock mass are two significant factors that both need to be considered in a reliable modelling approach.
2



58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

75

76

77

78

79

80

81
82

In this paper, we present an analytical approach for the mechanical behaviour of a deep spherical cavity excavated in a
dilatant viscoplastic rock mass, accounting for three stages of a simplified life cycle: (i) excavation; (ii) free convergence
without support and (iii) convergence partially restrained by a backfill. The rock mass is supposed to be elastically
incompressible (i.e. Poisson’s ratio v = 0.5) and to obey a simplified "linearized" (i.e n =1 in Eq. (8) below) Norton Hoff’s
law without hardening, nor creep-threshold. Note that according to Zhang et al. (2010), such simplifying assumptions seem
nevertheless to be acceptable for a clay rock.

In order to obtain an analytical solution, the in situ stress field and material behaviour are supposed to be homogeneous
and isotropic and a perfectly spherical shape for the cavity is assumed. Stress invariance in the horizontal direction is an
assumption consistent with that of an infinite medium. Stress invariance relative to depth is valid for deep tunnels for which the
in situ stresses at near field, where plastic strains intervene, deviate little from that at the depth of tunnel axis. Further away,
only elastic strains intervene and the heterogeneity of initial stress has no impact on the results. Deviation from the idealised
stress isotropy and homogeneity or the perfect spherical symmetry invariably occur in real situations, making the model
predictions approximative. However, such approximate estimates are still useful both at the prelimary design stage to obtain
approximate quantitative estimates and at the detailed design stage to check complex numerical simulations which can go wrong
in numerous ways. Deviations from the ideal case depend on in situ conditions and it is difficult to generalise. Careful
interpertations are required in each individual case.

For the viscoplastic dilatancy, inspired by classical plasticity based on experimental observations, we assume the
volumetric strain rate to be a linear function of the equivalent deviatoric strain rate. The stress and displacement fields are
firstly determined in the Laplace transform space, followed by a numerical inversion using the Stehfest algorithm (Stehfest,
1970) to obtain the corresponding quantities in the time space. A few numerical examples are shown to illustrate the consistency
of the solution and to get some useful physical insights. It is thought that the developments shown here can be a useful example

for constructing analytical solutions for other engineering problems.

2. Description of the problem

=0 Dcpsg =0 h=0'<r=1, (A
Initial state Excavation Free convergence Post-closure

Fig. 1. Simplified life cycle of a deep cavity: (1) excavation; (2) free convergence; (3) backfill contact and post-closure.



83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

104

105

The life cycle of an underground cavity is idealized as 3 stages schematized in Fig. 1. To simplify the problem presentation,
At time t = 0 consider an non-deformed initial reference configuration for the host rock, which is supposed to be in equilibrium
with the geostatic pressure with zero displacements and strains.

It is assumed that the cavity is at a great depth so that the stress heterogeneity in the surrounding rock mass can be neglected.
Decompression due to excavation is the main driving force in our problem; the effects of gravity is accounted for in the
constitution of initial stress and no longer intervene in subsequent stages in a quasi-static analysis. The first stage (0 < t < t;=
0™) is related to the excavation of a deep cavity inside the rock mass. Since the time required for excavation is very short
compared to other stages, the excavation is considered as an instantaneous process. The second stage corresponds to the free
convergence of the surrounding rock mass, in the absence of any support. It is assumed here that either the rock mass is
self-stable, or that the lining installed immediately after excavation deteriorates rapidly compared to the duration of the free
convergence stage, so that the duration of the effective support is negligible. Hence, this period of free convergence starting at
time t; = 0" continues until a certain time ¢,. At this instant, the cavity wall is supposed to come into contact with a linear

elastic backfill. Afterwards, the cavity wall continues to converge at a slower speed due to the confinement effect of the backfill.

3. General framework and resolution method

In the following, the tensor and vector quantities are written in bold and the scalars are denoted in normal font. Spherical
symmetry conditions are assumed, resulting in the dependence of all physical quantities on only two variables, the radial
coordinate r and time t. Under these conditions and using the spherical coordinate system, the stress and strain tensors are
diagonal (tensile stresses and strains taken to be positive) with equal angular components and the displacement field is purely

radial:

r u o,u
o= oy ; u=<0> ; E= u/r (1)
oy 0 u/r

where u = (r,t) is the radial displacement. The volumetric strain ¢ is related to the radial displacement u by:

0
eztr(£)=6—1:+2$ (2

The unique non-trivial equilibrium equation in spherical symmetry writes:

rdo,
2 0r

0, — 0g = (3)
Under the assumption of small strains, the strain tensor can be decomposed into its elastic and visco-elastic parts, denoted by

superscripts ® and *?, respectively:

=g+ &P 4)
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3.1 Elastic constitutive equations

Under spherical symmetry, the mean stress o, and deviatoric stress tensor s write:

Om

Il
W] =

_ 2
tr(o) = % (0, + 20y) ; s =dev(o) = or 3 % [ -1 l (5)
-1

where I is the second-order identity tensor. According to Eq. (5) and the relation o, > g4 (due to the decompression), the VVon
Mises equivalent stress g can be written as:
q=+B/2)s:s =|o, — gyl =0, — gy (6)

Substituting Eq. (3) into Eq. (6), the expression of g can be rewritten as: g = —(r/2)0,.0,.. This paper will be limited to the case
of elastic incompressibility, that is to say v = 0.5, which implies that the bulk modulus of the rock mass will tend to infinity
(i.e. K —» o) and the shear modulus G is linked to Young's modulus E by G = E/3. This amounts to neglect the elastic
volume changes relative to their viscoplastic counterparts. Thus, the simplified rate form of the Hooke's law writes, on account of
spherical symmetry and Egs. (1) and (5):

. . 1
1 0, — O,
ée=i$‘= TE 9 _1/2 (7)
-1/2

where a dot above a variable indicates the partial derivative with respect to time.

3.2 Viscoplastic constitutive equations

Based on experimental investigations, the creep behaviour of a relatively large class of geomaterials with low volumetric
dilatancy can be adequately described by the following creep law based on the overstress concept of Perzyna (1966):

__\n
£V = {g—05s) m ®)
n

where (x) = x for x =0 and (x) = 0 for x < 0, the equivalent shear stress q is defined in (6), o, is a positive stress
threshold so that g < o, defines an elastic domain with zero creep strain rate (¢*? = 0), 7 is the dynamic viscosity, the positive
exponent n allows to account for some form of non-linearity. Finally, the tensor m (normalised or not) defines the direction of
&P, In essence, Eq. (8) says that the viscoplastic strain rate is zero when the stress point is inside an elastic domain defined by
q — g5 < 0, and increases as the stress point moves further away from the elastic domain.

A commonly adopted assumption is to identify the tensor m with the deviatoric stress tensor (m = s) which implies isochoric
creep strain since then tr(&"?) = tr(s) = 0. This assumption, initially adopted for metals, leads to a simple model applicable to
a class of materials with small volume change (metals, saturated clays, etc.).

Many experimental investigations have been performed to access the various material constants relative to the above constitutive

law, in particular the stress threshold a,. While laboratory investigations of relatively short durations (commonly a few weeks to
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exceptionally a few years) indicate positive values, an assumption that makes the analytical resolution much easier is to assume
that o, may approach zero for very long term behaviour. Since the identification of the stress threshold below which creep
ceases can be particularly difficult for materials such as clays Zhang et al. (2010), this assumption can be seen as a simple and
conservative one to assess the maximum extension of the damaged zone likely to develop in the long term around a cavity. In this
paper, attention is focused on building an analytical model to study the case of zero stress threshold: o, = 0. Consistently with
the objective of developing an analytical solution, we will also assume a unit stress exponent, n = 1, in the sequel.
Concerning the non-accounting of dilatancy by taking m = s, this assumption which seems satisfactory in some cases like salt
becomes questionable and may lead to unacceptable errors for other geomaterials. A volume dilatancy is introduced to remediate
this defect. To this end, the viscoplastic strain rate tensor is expressed as the sum of a volumetric and a deviatoric components:
&r

EP =g + <%> I )
where éZ” is defined by (8) with m =s and g, = 0. For future reference, let us introduce the scalar invariant named
"equivalent deviatoric viscoplastic strain rate" bythe relation: )‘/;” = ||é';”|| . Note that for second-order symmetric
tensors: [Itll = Vt:t = [t;;t;;.
Under the condition of spherical symmetry and on account of the previous assumptions and notations, the deviatoric component
of the viscoplastic strain rate tensor can be written as:

1

=% —-1/2 (10)

—-1/2
Concerning the volumetric component, it is found in only a few creep models. The viscoplastic models proposed by Pellet et al.
(2005) and by Bui et al. (2017), which also account for damage behaviour, are two examples. Their construction is based on a
thermodynamic approach, in which the strain rate tensor is obtained by differentiating a dissipation potential. These complex
models cannot yield analytical solutions, even with simplified geometry and construction stages. In this paper, the new model
proposed is adopted from a family of classical plastic models in which the volumetric plastic strain rate £, is expressed as a
simple function of the equivalent deviatoric plastic strain rate y;" (Zhao et al., 2020). In the context of underground structures in
soil or rock masses, deformations are mainly due to tangential relative displacements of non-smooth interfaces or between grains
at the microscale (Pardoen et al., 2020), inducing normal displacements, which is the physical origine of volumetric dilation. In
consequence, it is reasonable to assume a correlation between volumetric dilation and shear strain. Note that this volumetric
dilation has important impact on the shear resistance and the plastic behaviour among geomaterials, which is often described by

some form of volumetric hardening law, such as the classic Cam-Clay model. A more detailed account on different possible

correlations between £,° and )‘/;” can be found in Yu (2006). The simplest correlation is a linear relation, which is consistent
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with the objective of building an analytical model. We therefore assume the following linear form defined by a dilation parameter
Qy:

&' =ay ¥y 11)
It should be noted that Eq. (11) can also take the equivalent incremental form de,” = a,dy,”. The pertinence of this
simplified dilatancy rule has been confirmed by Tian et al. (1994) through drained creep tests on marine sediments at lower
stress level, while it has to be replaced by a piecewise linear relation at higher stress level. Several authors (Sekiguchi, 1973;

Wang and Yin, 2014) also proposed some other different relationships between de,” and dy,”.

.Vp
Based on Egs. (6), (10) and (11), the volumetric plastic strain rate in tensor form %I writes:

-Up
& 0y — Opg en) (12)
—I=«a ;A =—

3 n NG

Therefore, the total viscoplastic strain rate can be written as follows by the sum of Egs. (10) and (12):

&P o 1+a
£ = <%>1 +&7 = - 8 a—1/2 (13)
n a—1/2

Finally, eliminating the strains from Egs. (1), (7) and (13), we get the following system of partial differential equations:

Ju 1 1+a
3 — 50— o)t (or — 0p) (14-a)
1  a-1/2
—=—5p (G —dp) + (0, — 0p) (14-b)

To summarize, the problem is governed by a system of 3 equations (3), (14a) and (14b) on the three variables u, o, and agy.

3.3 Resolution method

Except for the first stage (instantaneous excavation) whose solution is trivial, the general resolution method consists at first
transforming all the variables into the Laplace transform space by f(r,s) = L{f(r,t)} = fomf(r, t)e~stdt, leading to a system
of ordinary differential equations (ODE's) from which the unknown variables are determined. This is followed by the inversion
of the solution obtained in the transformed space back to the real time space. Considering that this last step cannot be done
analytically when the functions are too complex, a numerical inversion according to the Stehfest algorithm (Stehfest, 1970) is

adopted:
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f(r,t)=1L"1 f(r s) ——i (r nln_Z) (15)

. N
mln(n,?)

=DM Y s (19)
ezt (7 =) 1t (k= D (0 = )1 (2K = m)!

where Int(x) means the integer part of x, N is an even positive integer; note that the coefficients ¢, verify the identity

Z,ﬁ’:l% = 1, as pointed out by Dufour et al. (2012).

3.4. Normalization of variables

In order to better illustrate the physical connection between different parameters and above all to give a compact

presentation, the variables are normalized relative to their respective characteristic values according to the following scheme:

o, Og E u r t ty b Dr Kg
5= U=5—r=—t = ti= = pr=5 Kp=—
P, “ =P, pa "a T, 1T T PRTp R T (17

DI
where X, Xy, U, r', t' are respectively the normalized stresses, radial displacement, radial coordinate and time, P, is the

geostatic pressure; a is the cavity radius; pg is the backfill pressure; K is the backfill stiffness (see Eq. (Al)); T, is taken as

the characteristic time of creep, defined as T, = % which is identical to the characteristic relaxation time due to the elastic

incompressibility assumption. The relation between the two characteristic times can be found in Bui et al. (2014). The unknowns

of the problem are now U(r’,t"), Z,.(r',t") and Xy (r', t").

4. First stage: excavation of cavity (0< t < t; =0")
As mentioned above, the first stage corresponds to an instantaneous excavation of a spherical cavity inside an infinite

domain.

4.1 Initial and boundary conditions

The initial state at t' = 0 is used as the initial reference configuration in which the rock mass is under mechanical
equilibrium and characterized by a homogeneous isotropic stress field equal to the geostatic pressure P.,. Moreover, the
displacements and strains in this initial state are null, Therefore, the initial conditions at t' = 0 are:

2., 0)=2y(r',00=-1, U(@',0) =0 (18)

During excavation, the radial stress o, at the cavity wall jumps instantaneously from —P,, to zero, while the radial
displacement and stress at infinity remain at their initial values since the perturbation due to excavation of a finite-size cavity
cannot propagate to infinity. Therefore:

2,(1,0*) = 0; 2,.(,0") = —1; U(eo,t") = 0; (19)

8
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4.2 Analytical solution

With the above initial conditions (18) and boundary conditions (19), the analytical solution in time domain for this stage can
be deduced. As the excavation occurs instantaneously, the creep (i.e. viscoplastic) strains of a finite rate have no time to develop
and therefore remain null; only elastic strains intervene. Since this resolution is classical, the computations are not shown. They

can be found for example in (Dufour et al., 2012). The solution for the displacement and stress fields is given below:

3 1
Ut = —Zr’_z; X = —[1 — r’_3]; Iy’ =- [1 + Er’_3] (20)

The elastic strain field can be obtained by Eq. (1).

5. Second stage: free convergence without support (¢, =0°< t < t,)

5.1 Initial and boundary conditions

Time evolution of various field quantities are supposed to be continuous. Their initial values for this second stage (i.e. at
time t; = 0%) are therefore given by the solution of Stage 1 in Eq. (20). During this stage, the radial stress at the cavity wall and
that at far field both remain constant, respectively equal to zero and to the geostatic pressure, or in terms of normalized quantities:

2.(1,t")=0; X.(o,t") = —1. In the Laplace transform space, we have:

_ - 1
2.(1,5) =0; 2 (0,8) = —3 (21)
5.2 Quasi-analytical solution

In terms of the normalized variables introduced in (17), Egs. (14) can be rewritten as:

ou . .

57 = 2 2o+ (1 + () = Zp) (22-a)
U I =2, ( 1)
i _Z — 22-b
_rl 2 +la 2 (Er 26) ( )

where a dot above a variable now represents the partial derivative relative to t’. The equilibrium equation (3) in terms of

normalized variables writes, respectively in the time domain and Laplace domain:

r'ox, _  _ r' 0,

p——— — 23
2 or'’ 2 or' 23)

ZT - 23 =
Applying the Laplace transform to Egs. (22) and eliminating the tangential stress X, using Eq. (23), we get the following two

equations on the two variables U and ZX:

ou  s+1+a 0%, (oU* .

SW__—Z Tﬁﬁ'(ar, - 27 +29> (24)
U s+1-2a 0%, (U* Z}-xf

SEET 4 T ar'+(7+T) (25)

Note that the expressions inside the two parentheses involving initial values at t; = 0" are both zero, on account of (20).

Dividing the difference between Egs. (24) and (25) by r’, followed by an integration relative to »’ leads to:
9
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sgz —¥ET+A(5‘) (26)

where A(s) is an integration constant. Eliminating sg between Egs. (25) and (26) leads to the following equation on X,

_ 4A(s) 3(s+1)
’ r — . - @ 27
rar,+A(s)Zr s+1-2a’ AG) s+1-2a (@7)
Solving the linear differential Eq. (27) and considering the boundary conditions (21), we obtain the solution of Z,.:
- 1
5=-c [1—7"20)] (28)
T, and U can then be calculated, respectively, by substituting the above equation into Egs. (23) and (25):
_ 1 A(s) A
N — _ —=A(s)
P S [1 + ( > 1)r ] (29)
g=_3 (1 n l) P=(As)-1) (30)
4\s s?

Note that when a = 0 (therefore A(s) = 3), the solution above is consistent with the case of a non-dilatant viscoplastic rock
mass. The quasi-analytical solution in the time-domain can be obtained by numerical inversion of (28)-(30) using the Stehfest
algorithm. However, it is interesting to note that entirely explicit expressions can be obtained for quantities at the cavity wall

(r' = 1):

%, (1,t) =0 (31-3)

3(s+1)

- _ _ —-(1-2a)t’ _
25(s + 1— 2a) 2(1 - 2a) [1-2ae | (31-b)

To(1,t) = L1 [—

u@,th) = —Z (1+¢") (31-¢)
Note that the parameter a does not intervene on the cavity wall convergence. This is due to the idealised geometry (spherical
symmetry and infinite domain) and the linear constitutive model assumed. This fact can be paralleled to the famous result that
an infinite homogeneous isotropic linear elastic medium outside a spherical/cylindrical cavity when subject to an arbitrary
temperature field shows zero displacement at the cavity wall, despite an outward displacement induced by thermal dilation at
every other point (Berest and Weber, 1998).
At time t' = t;, the cavity wall is supposed to enter into contact with a backfill, which marks the end of Stage 2 of free

convergence.

6. Third stage: backfill and post-closure (t, < t < )
At t' = tj, the third stage begins and the convergence of the cavity wall continues, while partially restrained by the presence of
a backfiill in contact with the cavity wall. To compute the reaction of the backfill on the converging cavity wall, we assume that

its mechanical behaviour can be approximated by a linear elastic constitutive law. The resolution of this stage constitutes the
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main part of this paper. Detailed computations are reported in Appendix A.

6.1 Initial and boundary conditions

The equations to be solved are Egs. (24) and (25) in the transformed domain. However, for the present Stage 3, the initial
values (U*, 2}, 2}) at t = 0" in these equations have to be replaced by the corresponding values of (U, X, Zy) at the end of
Stage 2 (i.e. at time t' = t5}), to be computed using expressions (28)-(30).

Instead of calculating the values separately of U, X, and Z, at t' = t5, we attempt to compute directly the expressions

inside the parentheses of Egs. (24) and (25) as a whole. The following notations are therefore introduced:

ou
A(r' ) = (— -2+ 29>

u %, - 29)
A r ey — [ —
or' ;8o E) <T’ * t'st) (32)

t'st) 2
In fact, we only need to calculate A, and A, at the instant t' = t}, which we note as Aﬁz)(r’) and A(gz)(r’). Since it is not
possible to analytically inverse the expressions (28)-(30), the Stehfest algorithm is used to obtain approximate values. The
Laplace transform of A,.(r',t") and Ag(r’,t"), using (28)-(30), can be cast into the following form:

B.(',s) = A ()5 By, s) = Ag(s)r' ™ (33)
with:

_ 3(s+1)(1+a)_ _3(s+1)(2a—1)

Ar(s) = 2s2(s+1-2a)’ Ap(s) = 4s2(s +1 - 2a) (34)
Moreover, introducing the notation A, (r',s) & A,.(r',s) — Ay (r',s), we get from (33) and (34):
_ _ 3A(s
Brg(r',s) = Arg()r' ™, A,4(s) = % (35)

The two quantities Aiz) and Agz) in the time domain, necessary to account for the initial conditions of this Stage 3, can then be

obtained:
AP= % b K, (1', 1) = ) byAyr' ™
T nBr 1, T n AT (36-a)
n n
Ag= Z by By(r',7,) = Z by Agnr' ™" (36-b)
n n
A%)z Z by g (r',T,) = Z by, Arrler,_An (36-¢)
n n
where:
In2 In2
b, = EnT; Tn = nT; A = Ar(Tn); Agn = AB(Tn); Arrle = ArG(Tn); Ay, = A(Tn)
2 2

Recall that the following identity, as reported in (Dufour et al., 2012), applies:

N by N
-n_ R} 36-d
anl TTL anl n ( )

The stress boundary condition at infinity, Eq. (20), is still applicable for this stage. However, the radial stress at the cavity

wall Z,.(1,t") will no longer be null due to the reaction from the backfill. It is linked to the normalized convergence ((i.e.
11



248 normalized displacement at the cavity wall) via the following condition (see Appendix A):
2.(,t)=K,(UQ,t)—-UQ,t) 37)

249  The above condition writes, in the transformed space:

(38)

$.(1,5) = Kp <U(1, s) — @)

250 6.2 Quasi-analytical solution

251 A translation of the time coordinate, T = t' — t5, is introduced to properly define the Laplace transform at Stage 3.
252 Therefore, the following fields are defined: U(r',7) = U(r',t"); Z.(r'",7) = 2, (', t"); Zp(r', 1) = Z,(r',t"), with T =0

253 corresponding to the beginning of this stage.

254 Taking into account the definitions (31) and notations A(Z) and A(QZ), Egs. (24) and (25) become:
oU s+ 1+ a 62‘ @) 39
I e -a
Sar’ > 6 — + A; ( )
J_sti-za aE, A® (39-h)
T 4 Jar
255 Dividing the difference between Egs. (39-a) and (39-b) by r’, and using expressions (36-a) and (36-b), leads to:
o (0 3(5 +1) az -
S ﬁ <77> = Z bn Argr (An+1) (40)
256 Integration with respect to r' gives:
0 3(s+1 =
BUNREECh 08 A O Res) (41)
r 4
257  where C(s) is an integration constant and B(r") is defined by:
b, A% _
pa = ) = (42)

n

258 Elimination of the term s% between Eqs. (39-b), (41) and (42) leads to the following equation on the unique variable %,

62': _ C(s) Ry
r AL = T ZB(s)r (43)
259 which admits the solution:
— C —ACs
Z. = 3& +D()r ™9 + ¢, s) (44)
Z(S +1)

260  where D(s) isisan integration constant and the following notations have been introduced:

b, AZg\ _ B, (s) 1A
s+ 1-2a)/4 <A9" An)' @) = ZA —AG) (45)

261  Introducing the stress boundary condition at infinity (21-b) into Eq. (43), we get C(s) = —4(5“) D(s) then can be

B,(s) =

12
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determined by taking into account the stress boundary condition at the cavity wall Eq. (38):

3

1 ZKR
D(s) ==¢(L,8) +y(s) y(8) =—— w=—5— (46)

4R
Hence, the complete Laplace transform solution at Stage 3 is given by:
= 1 +y(s)r ™A@ +ZB ( )r’_"" — /A 47
PR 4 TR TG (47)
A_n 1=An _ _ A(S)) 1=A(s)
5=t () 1A r’_A(5)+ZB(s)(1_ 21 (1 2 )" (48)
o s 2 o A, — A(s)
7] 3(s+1) _AG) z A g =AG)
P — ! B - | = !

7 el 14O + 4 5 (5) A=A SB0) (49)

Note that the above expressions are continuous relative to the previous stage, as shown in detail in Appendix B, ensuring the
consistency of the solution. While Eq. (49) cannot be inverse-transformed analytically for an arbitrary location, this can be done

for ' =1 to obtain an explicit expression for the normalized displacement at the cavity wall:

U@, ¢ = —%[1 T (% - 1) (1- e—w(f’—fé))] (50)
Detailed computations for getting above equation are shown in Appendix C. The normalized displacement at the cavity wall in
the third stage can be decomposed into 2 parts: the first part is only the initial value at the beginning of this stage, equal to Eq.
(31-c), while the second one is the evolution of the convergence expressing the simultaneous effects of creep and backfill. The

. . . . 311
convergence rate slows down continuously and the normalized displacement tends towards a final stable value: — Z[Z + té]

EK’
at large time. Recall that w =

Epr a stiffer backfill reduces the displacement at the cavity wall as expected. And in the case
n
of an infinitely stiff backfill (K; = o,w — 1), the convergence would stop in Stage 3. Moreover, the magnitude of the
displacement at a given physical time t is inversely proportional to the material viscosity (via T;,). When the viscosity tends
to infinity, the incompressible elastic case is restored.

Based on Egs. (31-c) and (50), it can be seen that the time evolution of the displacement at the cavity wall, as in the previous
stage, is not dependent on the dilation parameter «. Based on Eq. (37), the normalized backfill pressure (i.e. an elastic reaction

to the cavity wall,) P} in Fig. 16 can be written as P;(t') = —2,.(1,t") = —K;(U(1,t") — U(1,t})), and combining this

relation with Egs. (31-c) and (50) gives:
3K /1 "
Pty = (5 1) (1= emeD)] 1)
Eqg. (51) shows that the backfill reaction always tends towards P,, at large times. This is due to the absence of stress-threshold in
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the creep model, which implies that static equilibrium with zero strain rates can only be achieved with zero deviatoric stress. In
consequence, equilibrium can only take place when the internal pressure at the cavity wall (supplied here by the backfill) is equal
to the geostatic pressure at far field.

In Egs. (47)-(49), there is an apparent singularity when A,, — A(s) approaches zero. Note that in the numerical inversion using

in2
t' -t}

the Stehfest algorithm, at a time t" > t;, A, — A(s) is evaluated as A(nl:—,z) — A(m ) with 1 <m,n < N (N is the
2

upper limit of summation in Eq. (15)) which can approach zero, hence a mathematical singularity. However, this singularity is
only apparent, as the numerators also become zero and their corresponding ratios approach well-defined limits, on account of the
following results:

-A —Al
/TN g (s)

1 - = !_An 12
A TR CAG ()
_ _ (52)
(1 _ﬁ).r! An _ (1 _A(S)) r! A(s)
lim 2 2 = [(A—n - 1) Ln(r") — l] r'hn
A(s)=Ap An - A(S) B 2 2

These expressions have been incorporated into the Mathematica program used for the numerical computations.

7. Numerical applications

In this section, we will show a few numerical examples and parametric studies to illustrate the applicability of the
quasi-analytical model and the viscoplastic behaviour described by this model. The data concerning the rock mass are taken from
the previous studies (ANDRA, 2005; Bui et al., 2014) which are relative to a deep geological disposal facility for radioactive
waste studied in France, and referred to in the following as “reference parameters” (see Table 1).

Table 1. Reference parameters used in the numerical applications

a=0.1;P, = 12 MPa; E = 5000 MPa; v = 0.5; n = 2.0 X 10%° Pa's; K = 1000 MPa;
t, = 3804 years

Leading to:

Ki = 0.2; T, = 1268 years; t; = 3

7.1. Mechanical evolutions of normalized quantities

Figs. 2 and 3 show the variation of normalized radial displacement against normalized time and normalized radial
coordinate, respectively. The negative displacement is consistent with an inward movement, due to decompression. Fig. 2 shows
that at each location (' = 1, 1.1, 1.3), there is an instantaneous convergence at the initial moment due to excavation. The
displacement continues to increase progressively (in absolute value) more or less linearly (exactly linearly at »" = 1) with time
before the cavity wall comes into contact with the backfill. At time t' = t}, the cavity wall comes into contact with the backfill
and continues to converge at a slower speed due to the confinement effect of the latter. Finally, the cavity wall convergence tends

to an asymptotic value, which represents the long-term mechanical equilibrium state. Fig. 3 shows that at any time, the inward
14
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displacement is the largest (in absolute value) at the cavity wall (' = 1) and decreases monotonically to zero towards infinity,
which is consistent with the boundary conditions at near and far field. The evolution of convergence at the cavity wall (r' =1)

computed numerically using the Stehfest algorithm (U =~ -7.96) is also consistent with the exact analytical expression Eq. (C4).
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Backfill contact ar ¢ =1
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Fig. 2. Temporal evolution of normalized displacement at
three different locations (r' = 1, 1.1, 1.3).

Fig. 3. Normalized displacement profiles at different times
(t' =07(t;),3(t5),10,50).

Fig. 4 shows the temporal evolution of the total stresses at different radii (v’ =1, 1.1, 1.3). The initial jump of stress from the
geostatic pressure (-1 for the normalized value at all ") to zero is not shown for clarity. During Stage 2 of free convergence, the
radial stresses become more compressive at all radii due to creep effects and the inward convergence so induced, except at the

cavity wall, where it remains at zero due to the no-support boundary condition. In the same period, the circumferential stresses

also become more compressive due to equilibrium requirements.
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Fig. 4. Temporal evolution of the total stresses at different
radii (v’ = 1, 1.1, 1.3).

Fig. 5. Profiles of normalized principal total stresses at
t' =ty =3 (backfill), at ¢’ =5, and at ¢’ = 10.

Fig. 5 shows the profiles of normalized stresses at the end of Stage 2, t' = t; =3, and at two arbitrary times in Stage 3,
t' = 5and t’ = 10. Both radial and circumferential stresses remain at the geostatic pressure at far field. When going towards the
cavity, the radial stress decreases to a minimum while the circumferential stress increases to a maximum at the cavity wall (in

absolute value). The radial stress is zero at cavity wall (' = 1) during Stage 2, in accordance with the free convergence
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(no-support) assumption. After contact with the backfill (Stage 3, t' > t;), the radial stress becomes progressively more
compressive while the circumferential stress becomes less compressive.

In Stage 3 (¢’ > t;), immediately after the contact with the backfill, the rate of change of radial stress (in absolute value)
jumps instantly to a higher value while that of the circumferential stress changes sign suddenly (observe the kink at t' > t7).
This discontinuity of the stress rate happens at all radii but is sharper at near field and smoothes out quickly towards the far field.
It is due obviously to the confinement effect provided by the backfill. After this initial period, the radial (resp. circumferential)

stresses continue to increase (resp. decrease), and both tend asymptotically towards the geostatic pressure.

7.2. Parametric studies

In this section, a few parametric studies will be shown to illustrate their influence on the results of the analytical model. The
dilation parameter a and rock viscosity n are two key parameters here. Moreover, backfill stiffness K; and the instant of
backfill contact t; also influence the structural response. However, a variation of n also affects the time scale (i.e. the
normalized time t") via the characteristic relaxation time T,, which would confuse the observation of the actual effects of this

parameter. For this reason, the real time scale will be adopted when showing the influence of n and t;.
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Fig. 6. Influence of the dilation parameter on the normalized displacement.

Here again, let us underline that the time evolution of the displacement at the cavity wall (' = 1) is not affected by the
dilation parameter a. To study the influence of @ on the displacement field, the time evolution of the displacement with
different values of « at two other locations (r’ = 1.1and r' = 1.5) is plotted in Figs. 6. It can be observed that a higher value of
a corresponds to a smaller convergence, or in other words, an algebraically larger outward movement. The viscoplastic
dilatation is therefore accommodated by an outward movement at every point. This result may surprise. In fact, it is due to the
particular symmetry (spherical or cylindrical) involving an infinite domain. This recalls the well-known result (Bérest and

Weber, 1998) according to which a linear elastic medium outside a spherical or cylindrical cavity subject to an arbitrary
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temperature increase exhibits an outward displacement everywhere except at the cavity wall where the displacement is
identically null.

Figs. 7 and 8 show the influence of the dilation parameter « on the normalized radial, circumferential and deviatoric
stresses at a point close to the cavity wall (r' = 1.1). As expected, the radial and circumferential stresses both become more
compressive (i.e. increase in absolute value) with larger values of a since part of the volumetric expansion, incompatible with
geometric constraints, has to be absorbed by a stress increase (in compression). Moreover, it can be seen that the
circumferential stress is more sensitively affected than the radial one. Fig. 8 shows that the normalized deviatoric stresses
(equal to X, — Xy) increase due to the free convergence till the cavity wall comes into contact with the backfill and then decrease
progressively to zero (i.e., the equilibrium mechanical state of the rock mass, since the viscoplastic threshold is null) due to the
confinement effect provided by the backfill, and that larger values of a correspond to faster rates of increase and decrease. The

peak of deviatoric stress is also higher with larger «a.
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Fig. 7. Normalized total stresses evolution at r' = 1.1for Fig. 8. Profiles of normalized deviatoric stress at r' =
different values of dilation parameter a. 1.1with different values of dilation parameter «a.

Fig. 9 plots the temporal evolution of normalized deviatoric stress for a particular radius, ' = 1.1, for four different
normalized backfill stiffness (Kz = 0.02, 0.05, 0.1, 0.2). It can be seen that a stiffer backfill reduces the deviatoric stress, and

thus the potential risk of failure.
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Fig. 9. Influence of the backfill stiffness on the normalized Fig. 10. Temporal evolution of the normalized backfill

deviatoric stress (r' = 1.1). pressure with different values of rock viscosity.

352 Fig. 10 represents the temporal evolution of normalized backfill pressure with different values of rock viscosity n. The
353 reference value 71, (2.0x10%° Pas) listed in Table 1 has been chosen so that creep effects would be significant in order to be well
354  evidenced. It can be found that the backfill pressure tends to geostatic pressure in any case (due to absence of viscoplastic
355  threshold) and that the increase of rock viscosity slows down the rise of backfill pressure. When rock viscosity is infinity (its
356 behaviour then becomes incompressible elastic), the backfill pressure remains zero because in the absence of creep, converging
357 movements of the rock mass stop after excavation. Fig. 11 shows the influence of rock viscosity on normalized convergence in
358 normal time scale and logarithmic time scale. As expected, a larger rock viscosity reduces the equivalent deviatoric plastic strain
359 rate hence the strain at a given time (which can be easily seen from Eq. (10)), thereby reduces the convergence due to creep.

360  When rock viscosity is infinity, the rock mass becomes elastic so no convergence occurs after excavation (absence of Stages 2

361 and3).
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Fig. 11. Evolution of normalized convergence with different viscosities in normal (left) and logarithmic (right) time scales.
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Fig. 12. Influence of the backfill time on the normalized Fig. 13. Influence of the backfill time on the normalized
backfill pressure. convergence.

Figs. 12 and 13 illustrate the influence of the time t, when the cavity wall comes into contact with the backfill on the
normalized backfill pressure and on the normalized convergence. Fig. 12 shows that a delayed contact with the backfill can delay
the radial stress at the cavity wall. However, this influence declines with time. In other words, the load on filler at larger backfill
time t, will reach the stable value P,, with a faster speed. As expected, Fig. 13 shows that the more the backfill contact time is

delayed, the more time of free convergence without support of the cavity wall, thereby induces a larger convergence at any time.

7.3. Comparison with a numerical simulation

Although explicit expressions are obtained for all physical quantities (displacements, stresses, strains), the evaluation of
these expressions still needs some light numerical computations, using codes on formal computations such as Mathematical or
Maple. It appears judicious to check that these light numerical computations are correctly performed. To this aim, numerical
simulations based on FEM have been carried out using COMSOL software (the module on a system of partial differential
equations) to solve the system of partial differential equations (14). Only Stages 2 and 3 are modelled since the analytical results
in Stage 1 (instantaneous elastic excavation) are trivially classical which provide the initial field values for Stage 2. The results
will be presented in normalised forms so that cavity radius will have no influence. In the numerical simulation, the cavity radius
was taken to be ; = 5 m. The backfill (0 < r < 5 m) only participates in the third stage of numerical calculation, with a perfect
contact assumed with the cavity wall. The problem is defined by two field variables, u and a,., which verify two different sets
of partial differential equations in the rock mass and backfill. The constitutive behaviour of the latter is assumed to be elastic
compressible leading to homogeneous stress and strain fields due to spherical symmetry (\Wong et al., 2008a, 2008b).

Fig. 14 shows the 1D finite element mesh used to discretize the interval (0 < r < 100 m) in Stage 3. The user-controlled
mesh in COMSOL is used in which the maximum element size and maximum element growth rate are respectively set as 0.1 m

and 1.2. To minimize edge effects of the external boundary, a large domain for the rock mass is modelled, from 1, =5m to
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r, = 100 m. The numerical data used in the simulation are summarized in Table 1. The Poisson's ratio of the backfill is taken as

0.3 (Dufour et al., 2012), and its Young's modulus can therefore be obtained using Eq. (Al).

Fig. 14. Finite element mesh of the model in Stage 3.

The main results of the simulation are presented and compared to the quasi-analytical solutions in the following Figs 15, 16,

17 and 18. A good agreement between numerical and analytical results is observed for both Stages 2 and 3.
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8. Conclusions
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This paper presents a quasi-analytical solution for the post-closure behaviour of a deep cavity excavated inside a dilatant

viscoplastic rock mass, accounting for three stages of a simplified life cycle. The present work is an extension of a previous
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viscoplastic model with zero dilation. For each stage of the considered life cycle, explicit expressions of displacement and
stress fields are deduced in the Laplace transform space. A numerical inversion according to the Stehfest algorithm can then
provide the corresponding expressions in time-domain. A few numerical examples and parametric studies are carried out to
illustrate the consistency of the solutions and the influence of four key parameters including dilation parameter, rock viscosity,
backfill stiffness and the time of backfill contact. Despite some simplifying assumptions adopted to make the problem solvable
analytically (elastic incompressibility, linear viscoplastic dilation law, zero creep-threshold...), it provides a valuable tool for
checking orders of magnitude at the stage of preliminary studies and also a useful benchmark for validating complex numerical

simulations using computer codes.
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Appendix A. Derivation of the dimensionless backfill stiffness

We are interested here by the relation between the pressure applied at the exterior surface of a linear elastic solid sphere of radius
a, representing the cavity backfill, and its displacement at the same point. Denoting the purely radial displacement inside the
backfill by ug, Egs. (1)-(3) concerning the form of the strain tensor and the equilibrium equation still apply (replacing u by ug).
Expressing the elastic stresses in terms of displacement using (1) then substituting into equilibrium Eq. (3) leads to the classic
Euler's equation: r202.ugp + 2rugy — 2ug = 0. The solution, on account of the zero displacement at the center writes:

up(r,t) = Ug(t) * r, where Up(t) = ug(a, t)/a is the dimensionless convergence at the external boundary. Back substitution

. , . . . . E . . .
into Hooke's law gives a homogeneous and isotropic stress field such that ¢, = gy = ﬁUR, or in rate form: g, = 65 =
—<4VR

- EZ*:/ Uy. Since the radial displacement and radial stress are continuous at the backfill-rock mass interface (in terms of rates, due
—4VR

to the difference on the origin of time for the displacement), this implies that the dimensionless convergence of the cavity wall is

linearly proportional to the radial ground stress at that point:

Eg

a'r(a, t) = KRUR(G, t); Kp = m
R

(A1)

Normalizing the stress relative to the initial geostatic pressure P,, and on account of the normalisation of displacement, we are
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led to the following expression of the dimensionless backfill stiffness parameter Ky appearing in Eq. (37):

Eg

Ky =——"F"—
RTE@ —2v,)

(A2)

Appendix B. Consistency of results between Stages 2 and 3

Recalling the time translation T = t’ — t; introduced for Stage 3, and using the classic result of Laplace transform, we have

(', ) = 2.(r',0%) = limyo, s 2, (7', 5), with Z,.(r',s) given by Eq. (47). This leads to:

NI ’ _ 1=A(s) S Bn (S) 1—A 1=A(s)
sZ.(r',s)==-1+sy(s)r +Zm(r n_ 4 ) (B1)
n
s Bp(s)

Itis easy toshowthatas s —» co: A(s) - 3, sy(s) » 1 - 2 On account of the identity (36-d):Z${:11T’—” = 1, The above

"Ap—A(S) T

can finally be recast as:

-A
_ r'm—1
(") = lim s 3,.(r,5) = E by, <—T ) (B2)
n
n

1=AG)

T 1

However, the above is precisely the numerical inverse Laplace transform of , evaluated at t' = t;, which corresponds

exactly to expression (28). Hence, we have shown that:
ZT (T'/, t;—) = Zr (,r./, tZ_) (BS)

in our semi-analytical model.

The proof of the continuity of X, and U can be easily done following the same steps.

Appendix C. Convergence at cavity wall in Stage 3

At the cavity wall, r' = 1, expression (49) simplifies to:

036+ 5 1gn -
From Eq. (42), and by definition A%, = A,(t,) — 4g(z,,) = % hence:
p0=7, S Y bz~ ], =34 o
On account of the expression (46) of y(s), we get:
G5y =——S+D 36 (C3)

B 4s(w + s) 4s
The inversion can be done analytically using partial fractions. It is the same as that of the case a = 0 given in Appendix D:
3 1 '
Uty =-7 [1 +t + (Z - 1) (1—eol -fz))] (C4)
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Appendix D. Solution in the case of zero dilatancy (a = 0)
Stage 1 (0 < t' < 0%). The quantities after excavation, at t' = 07, are still given by expressions (20):
Stage 2 (0t < t' < t3). Substituting a = 0 into Egs. (28)-(30), we get:
So=—141r"3% 5, =1 —%r'*; U= —%(1 +t)r? (D1)
Notice that the stress profiles in Stage 2 in the case of zero dilatancy remain immobile, while the convergence itself increases
linearly with time.

Stage 3 (t; < t' < ). When a =0, we have: A(s) = A, =3; {(r',s) =0; Ay, = —A% = B,(s)=0; B(r") = %tér"?

the expressions (47)-(49) then simplifies to (with w defined in (46)):

3[ s+1 té] —
PSS ' (D2)

+ _ — —_
s stw 4ls(s+w) s

Analytical inversion yields:

' 1 't 1 1 _t!
S.o=-1+ et =tt) 3, Sy =-1 —cemelt)p y 2 —ﬁ[— + (1 — —) et 1) 4 tg] r'*  (D3)
2 4lw W

The solution in this stage can also be obtained by starting anew from (39) with a = 0.
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